Abstract In the present paper, we continue our investigation on the antiferromagnetic origin of the charge order observed in the half-doped manganese. By introducing a Su-Schrieffer-Heeger (SSH) type of perturbation interaction to the double-exchange Hamiltonian, we calculate again its ground-state phase diagram at filling x = 0.5 by the unrestricted real-space Hartree-Fock approximation method. We find that, as the SSH electron-phonon interaction increases, the charge order parameter decreases to zero rapidly but the CE-type antiferromagnetic order becomes more stable. In other words, the charge order is much more fragile than the CE-type or the Neel-type antiferromagnetic orders under the electron-phonon perturbation. These results support the proposed theory in the recent publications that the charge order in these systems is induced by the antiferromagnetic correlations.
The theoretical understanding of manganese oxides is among the most challenging areas of research in current condensed matter physics. Experimental investigations on these materials have revealed a rich phase diagram originating from the competition between charge, spin, and orbital degrees. [1−5] Take La 1−x Ca x MnO 3 for example.
When the system is undoped (x = 0), LaMnO 3 is an antiferromagnetic insulator. However, by replacing La ions with Ca ions, the density of charged carriers in the material is varied and its transport property shows a dramatic change. More precisely, when x takes values between 0.2 and 0.5, the system behaves like a ferromagnetic metal with colossal magnetoresistance. [4, 5] A qualitative explanation of this experimental observation is given by the so-called double-exchange mechanism. [6−8] According to that theory, ferromagnetism arises from the optimization of the kinetic energy of holes when the system is doped. On the other hand, when x > 0.5, the material becomes insulating again with antiferromagnetic order. [9, 10] Therefore, in a narrow region around x = 0.5, there exists a transition of the system from the ferromagnetic metallic phase to the antiferromagnetic insulating phase. [11] Naturally, these fascinating behaviors attracted theoretical physicists' interest. In recent years, much effort has been made to understand the phase diagram of the doped perovskite manganites. [12−25] In addition to the above-mentioned orderings, a very interesting but somewhat obscured phase appears at x = 0.5. It is characterized by the co-existence of a checkerboard charge order and a peculiar zigzag antiferromagnetic order. [26, 27] Roughly speaking, in this phase, Mn
3+
and Mn 4+ ions are placed alternatively in the crystal. In the meantime, as shown in Fig. 1 , the localized spins with S = 3/2 are arranged in a pattern, called the CE-type antiferromagnetic order in literature. [28] In this pattern, the localized spins on the zigzag chains point to the same direction and these chains are antiferromagnetically coupled. In the following, we shall denote this coexisting phase of charge and magnetic orders by CO + CE. From the physical point of view, the checkerboard charge order can be thought of as a generalized Wigner crystal of itinerant electrons. As is well known, it implies that the Coulomb repulsion between electrons is dominant in these materials. Therefore, they belong to the strongly correlated electron systems. Originally, several groups attempted to explain this experimental fact by the small-polaron formation caused by the Jahn-Teller effect. [29−32] However, it was later realized that the Coulomb interaction may play a major role in producing this phase and the Jahn-Teller interaction is only of the secondary importance. Technically, in addition to the on-site Hubbard interaction, many authors also take the nearest-neighbor Coulomb repulsion into their consideration. [33−35] For instance, in Ref. [3] , Lee and Min argued that it is the Coulomb repulsion that causes the charge order of electrons at x = 0.5. As a result, the motion of electrons is frustrated and hence, the CEtype antiferromagnetic order is induced. Their argument was supported by the mean-field theory calculations. [34, 35] Here, we would like to emphasize that all the above mentioned works were based on the so-called one-orbital models. In these models, the degeneracy of d x 2 −y 2 and d 3z 2 −r 2 orbitals on each Mn ion is assumed to be lifted by the strong Jahn-Teller effect. Consequently, one needs only to consider one itinerant electronic band in calculation. Alternatively, some authors emphasized recently the importance of orbital ordering [36] in causing this phase. [37, 38] They argued that both the itinerant electronic e g bands should be simultaneously taken into consideration. Consequently, the electron state may be orbitally ordered at filling x = 0.5 and it leads to the charge order as well as the antiferromagnetic order observed in experiments. Currently, the possible existence of the orbital order in doped perovskite manganites is still under vigorous debate. Our interest in the charge ordered phases in the quarter-filled perovskite manganites is rekindled by some recent and completely different proposals. [39−41] In Ref. [39] , the authors studied the stability of the CO + CE phase in both the one-and two-orbital double exchange models. Contrast to the previous results, [33] [34] [35] 37, 38] they found that the charge order, which was previously thought of as the cause of the antiferromagnetic order in the systems, is robust even if the nearest-neighbor Coulomb interaction tends to zero. This conclusion is further supported by a density-functional calculation by Popović and Satpathy. [40] These authors found that, in the strong Jahn-Teller effect limit, the degeneracy of the itinerant e g band is lifted and the on-site Coulomb interaction alone can induce the charge ordering. Therefore, the nearestneighbor Coulomb interaction might be unnecessary at all in order to produce the CO + CE phase at doping x = 0.5, although it will certainly make the phase more stable. In Ref. [41] , this observation is interpreted as a result of narrowing and mismatching effects of the electronic bands by the antiferromagnetic fluctuations. More precisely, the author points out that the competition between the ferromagnetic double-exchange and the antiferromagnetic super-exchange interactions make the antiferromagnetic correlations of the localized spins strongly fluctuating. Consequently, these short-ranged antiferromagnetic correlations (not necessarily long-range ordered) alone can cause anisotropy of the electron hopping energies. That makes the motion of electrons frustrated and hence, induces the charge order observed in experiments. In a very recent paper, [42] we reconsidered this issue by a different approach. Following Ref. [43] , we calculated the relative stability of various charge and spin configurations of the double exchange model at doping x = 0.5 by applying the real-space Hartree-Fock approximation.
(This method was initially introduced to investigate inhomogenity in the strongly correlated electron models and has been used to study the possible existence of the stripe phases in the t-J model. [44, 45] We conclude that, although the nearest-neighbor Coulomb interaction between itinerant electrons is very helpful in stabilizing the charged order in the system, it is the superexchange interaction between localized spins which actually plays the central role in inducing the coexistence phase of the checkerboard charge order and the CE-type of antiferromagnetic order. More precisely, for some realistic values of the superexchange interaction, we find that this phase is still stable even if the nearest-neighbor Coulomb interaction between itinerant electrons is completely ignored. Obviously, our numerical results support strongly the idea proposed in Refs. [39] ∼ [41] . However, before we take this proposal of the magnetic correlation fluctuation inducing the charge order in the half-doped manganites very seriously and apply it to explain some experimental results, we feel obliged to do more tests. A natural question arose is whether we can introduce some perturbation interaction into the Hamiltonian such that, it destroys one of the two coexisting orders and preserves another. If it could be achieved, then we shall see more clearly which order is more stable and hence, is really indispensable in causing this very interesting phase in the materials. For that purpose, we have considered both the Jahn-Teller interaction [29] and the Su-SchriefferHeeger (SSH) interaction [46] as perturbations. By applying the real-space Hartree-Fock approximation, we find that the Jahn-Teller interaction actually strengthens both the checkerboard charge order and the CE-type antiferromagnetic order in the system. Therefore, the numerical test with the Jahn-Teller interaction is inconclusive (we shall report this result elsewhere because it is interesting on its own). Then, we investigate the effect of the SSH interaction on the coexisting phase of the magnetic and charge orders. To our great pleasure, we see that the charge order can be easily destroyed by this perturbation, while the CE-type magnetic order is essentially intact. Therefore, we conclude that the antiferromagnetic correlation is indeed more robust. Consequently, the theory on the magnetic origin of the charge order in the half-doped manganese [39−41] is further confirmed. In the following, we would like to report on this result.
To begin with, we introduce some useful definitions and notation. On a two-dimensional square lattice Λ, the Hamiltonian of the double-exchange model with SSH electron-phonon interaction is of the following form
whereĉ † iσ (ĉ iσ ) is the fermion creation (annihilation) operator which creates (annihilates) an itinerant electron of spin σ at lattice site i. Correspondingly,ŝ i = (ŝ ix ,ŝ iy ,ŝ iz ) and S i = (S ix , S iy , S iz ) denote the spin operators of the itinerant electron in e g -orbital and the localized electron in t 2g -orbital, respectively. In practice, the spin operatorsŝ ix ,ŝ iy , andŝ iz of itinerant electrons are usually rewritten aŝ
In Hamiltonian (1), u i is the displacement vector of the ion located at site i and e ij is a unit vector in the direction of bond ij , which connects a pair of nearest-neighbor sites i and j. t > 0 represents the hopping of electrons from i to j and parameter α > 0 gives the interaction between electrons and the lattice distortion. The last term in the Hamiltonian is the elastic energy of this distortion. The parameters U > 0 and V > 0 are the on-site and the nearest-neighbor Coulomb interactions between itinerant electrons, respectively. J H > 0 is the intra-atomic Hund interaction. Similarly, J > 0 gives the superexchange interaction between the localized spins, which have S = 3/2 and are generally treated as classical objects.
With the strong intra-atomic Hund interaction, the spin of itinerant electron at each lattice site i is forced to be parallel to the localized spin in t 2g -orbital. Consequently, an itinerant electron in a Mn 3+ ion may only hop into the e g -state of Mn 4+ ion at a nearest-neighbor site so long as the localized spins on these ions are parallel. It leads to an effective ferromagnetic interaction, the socalled double exchange interaction, [6, 7] between the localized spins. It is the competition between this interaction and the antiferromagnetic superexchange interaction presented in Eq. (1) which makes the phase diagram of this model so rich.
Following the general practice, [47] we shall now rewrite
Hamiltonian (1) into a dimensionless form by dividing both sides of it by the electron hopping constant t. Definē
and
We havē
Notice that the electron-phonon interaction in this reduced Hamiltonian is controlled by a single parameter 1/λ. As λ increases, the effective elastic constant 1/λ decreases. Consequently, larger lattice distortion is allowed and the electron-phonon interaction becomes stronger. In particular, when λ = 0, we have 1/λ = ∞. Therefore, the displacement of ions is energetically forbidden in this case. In other words, the electronic degree of freedom of the system is now completely decoupled from its lattice distortion.
As mentioned above, the main numerical technique which we apply in the present paper is the so-called realspace unrestricted Hartree-Fock approximation. For the reader's convenience, we shall briefly sketch the basic procedure of it here. For the technical details, one can consult the original references. [43−45] As a Hartree-Fock approximation, in the first step, we linearize the Coulomb interaction terms bȳ
Under this approximation, Hamiltonian (5) is now reduced intoH
It is a Hamiltonian of single particles. However, unlike the standard mean-field treatments, we shall not Fourier transform it into a form in the momentum space. Instead, we consider various possible real-space configurations of the systems. In each configuration, we let both the averaged values n iσ and the classical spins S i vary spatially in a rectangular super-cell C with N C = n × m lattice sites (We require that the whole lattice Λ is periodically paved by these super-cells). Then, we minimize the energies of these configurations and determine which phase is the most stable one in a specific region of parameters. To implement this numerical scheme, in the following, we shall treat each localized spin S i as a classical object and parametrize it as follows:
On the other hand, for the spin operatorsŝ ix ,ŝ iy , andŝ iz of itinerant electrons, we use the form given in Eq. (2). Furthermore, we assume that the Hund coupling constant J H is finite. By doing so, we are able to take explicitly the spin-flipping effect between the localized and itinerant electrons into our consideration. Substituting both Eqs. (2) and (8) into the Hartree-Fock Hamiltonian (7), our next task is to solve the single-particle Schrödinger equation
For a given set of displacement vectors {y ij }, the matrix elements of the Hamiltonian in Eq. (9) are given bȳ
where notation l∈N.N. stands for the summation over the lattice sites which are the nearest neighbors of site i . Moreover, δ i +e i j ,j is the Kronecker notation defined by δ i +e i j ,j = 1 if j is the nearest neighbor of site i in the direction e i j and equals zero otherwise. We emphasize that "the classical interactions", which are given in the last line of Eq. (7), are not included in the above equation.
By solving the equation, we obtain a complete set of eigenfunctions {φ m i σ ({y ij })} with the corresponding eigenvalues {E m }. Each function satisfies the normalization condition
where the sum of sites i is only over the supercell C. Next, in terms of these functions, we introduce the quasi-particle operators byd
which brings the Hartree-Fock HamiltonianH HF into a diagonal form. Consequently, the energy E({ϕ i , θ i }) of each local spin configuration, which corresponds to a specified set of angles {ϕ i , θ i }, can be expressed as a functional of unknown parameters { n iσ } and {y ij }. To determine these parameters, we notice first that the averaged particle number n iσ satisfies the following identity
In this equation, the sum over the quasi-particle energy levels is only performed up to the Fermi level E F , which is determined by the condition 1
with n 0 = 0.5, the averaged density of itinerant electron in the system. Substituting identity (13) into energy E({ϕ i , θ i }), we are able to calculate the lattice displacement vectors {y ij } by the variational principle. Namely, we find numerically a set of {y 0 ij } which make the energy E({ϕ i , θ i }) minimal. Now, by comparing the energies of these possible states, we can decide which phase is the most stable one in the given region of the parameters. Finally, we read out the charge order parameter ∆ by using definition
where π = (π, π) is the two-dimensional reciprocal vector which characterizes the checkerboard charge order.
With this calculation scheme, we now investigate the relative stability of the concerned charge and magnetic ordered phases in the doped manganese at x = 0.5. As stated above, we would like to find out which phase is the most stable one after the SSH interaction is introduced. If the theory proposed in Refs. [39] ∼ [41] is correct, we shall expect that the charge order parameter ∆ vanishes eventually but the CE-type antiferromagnetism survives as parameter λ increases. Indeed, we show in the following that this speculation is correct.
For comparison, we would like to recall first our previous results on the phase diagram of the doped manganese at x = 0.5. [42] When the SSH interaction is absent, we have found that the coexisting phase of the checkerboard charge order and the CE-type antiferromagnetic order (CO+CE phase) is the most stable one for a wide range of the superexchange interactionJ, even if the nearest-neighbor Coulomb interactionV = 0. In fact, this conclusion is very robust against the change of parametersŪ andJ H . That allowed us to fix their values in our investigation. However, asJ increases beyond a critical valueJ c ∼ = 0.113 (withŪ = U/t = 50 and J H = J H /t = 10), the antiferromagnetic Neel phase with the checkerboard charge order (AFO phase) is stabilized. On the other hand, whenJ is less than 0.033, the ferromagnetic double-exchange interaction eventually wins over and the system becomes ferromagnetically ordered. We emphasize that, unlike the antiferromagnetically ordered phases, the charge order can be only sustained with the help of the nearest-neighbor Coulomb interaction in the ferromagnetic phase. In other words, we found that, asV → 0, the checkerboard charge order parameter ∆ also tends to zero in the latter case. Therefore, we conclude that the nonzero charge order observed experimentally in the half-doped manganese is indeed caused by the antiferromagnetic correlations in the systems.
With these preparations, we now present our new results on the phase diagram of the Hamiltonian (5) at halfdoping. Since our main concern is the effect of the SSH interaction on the charge ordered phase of the system, in the following, we shall use the same values ofŪ = 50 and J H = 10 as we did in our previous work. In the meantime, we let the antiferromagnetic interactionJ between the localized spins and the electron-phonon interaction constant λ vary. Comparing with our previous results, we find a dramatic change in the phase diagram as λ increases.
First, we chooseJ = 0.05. When λ = 0 and hence the SSH interaction is off, the system has both the CE-type antiferromagnetism and the checkerboard charge order, even if the nearest-neighbor Coulomb interactionV = 0. After the SSH interaction is turned on, we find that the state with the CE-type antiferromagnetic order is still the most stable one as λ increases, as shown in Fig. 2 . However, the charge order parameter ∆ of this state undergoes a big change. It is greatly suppressed at λ c ∼ = 0.063 and becomes zero as λ increases further (See Fig. 3 ). Therefore, we conclude that the CE-type antiferromagnetic order in the system is much more rigid than the checkerboard charge order against the SSH perturbation. Obviously, it is consistent with the proposal that a weak charge order can be solely induced by the antiferromagnetic correlation in the half-doped manganese without the nearest-neighbor Coulomb interaction. To be safe, we repeat our calculation for several values of J ∈ (0.033, 0.113), which is the region for the coexisting phase of the CE-type antiferromagnetism and the checkerboard charge order being stable at λ = 0. Although the numerical results are slightly different, we see that the qualitative outcome remains the same. Fig. 4 The energies of F, AF, C, and CE phases with respect toV atJ = 0.05 and λ = 3.0. Fig. 5 The variation of the charge order parameter in the stable phases with respect toV atJ = 0.05 and λ = 3.0.
Next, we consider the effect of the nearest-neighbor Coulomb interaction on the charge order and the CE-type antiferromagnetism. Based on the physical intuition, we expect that the checkerboard charge order in the system will be enhanced asV increases. In our previous work, we also found that, when the SSH interaction is absent, the CE-type antiferromagnetic order is destabilized and replaced with the Neel order when the Coulomb interaction is strong enough.
[42] Therefore, when both the SSH interaction and the nearest-neighbor Coulomb interaction exist in the model, they actually frustrate each other. It will be very interesting to see what happens if we turn on the Coulomb interaction after the charge order in the system is destroyed by the SSH interaction. For this purpose, we fixJ = 0.05 and set λ to be 3.0. WhenV = 0, we know that the CE-type antiferromagnetic state without the charge order is stable. Then, we increase the value ofV . The results are shown in Figs. 4 and 5 .
We find that the CE-type antiferromagnetic phase is still the most stable one whenV is less than 0.95. However, whenV is larger than 0.95, the Neel ordered phase takes over, as shown in Fig. 4 . Interestingly, although the charge order parameter ∆ is zero in the CE-type antiferromagnetic ordered phase, it jumps to a quite large value as the system becomes the Neel ordered (See Fig. 5 ). It indicates that the transition is of the first order. These results confirms our speculations based on the intuitive arguments. Fig. 6 The relative energies of F, C, AF, and CE phases with respect to λ atJ = 0.14.
For completeness, we also studied the cases in whichJ is larger than 0.113 or less than 0.033 withV = 0. In the former case, our previous result gives a coexisting phase of the Neel order and the checkerboard charged order when the SSH interaction is absent. [42] On the other hand, in the latter case, the ferromagnetic ordered phase without the charge order is stable. However, we are delighted to see that, in both the cases, the CE-type antiferromagnetism becomes eventually the most stable phase when the electron-phonon interaction λ is sufficiently strong, as shown in Figs. 6 and 7. Moreover, we do not detect any charge order in the CE-type antiferromagnetic phase after it is stabilized. Our results strongly suggest that the electron-phonon interaction will, in general, stabilize the CE-type antiferromagnetic order in the half-doped manganese. This phenomenon was also observed before by other authors [22] with the Jahn-Teller interaction. However, we do not feel that it has been completely understood. We shall pursue this issue in our future investigations. Fig. 7 The relative energies of AF, C, F, and CE phases with respect to λ atJ = 0.01.
In summary, in the present paper, we continue our investigation on the antiferromagnetic origin of the charged ordering observed in the half-doped manganese. [42] By introducing a Su-Schrieffer-Heeger type of perturbation interaction to the double-exchange Hamiltonian, we calculate again its ground-state phase diagram at filling x = 0.5 by the unrestricted real-space Hartree-Fock approximation method. We find that, as the SSH electron-phonon interaction increases, the charge order parameter decreases to zero rapidly but the CE-type antiferromagnetic order becomes more stable. More importantly, even in the ferromagnetic regime, which has no charge order, a sufficient strong electron-phonon interaction can change the system into the CE-type antiferromagnet. These results have two interesting implications. First, we see that the charge order is much more fragile than the CE-type or the Neel-type antiferromagnetic orders under the electronphonon perturbation. It supports the above-mentioned theory that the charge order in these systems is induced by the antiferromagnetic correlations. [39−41] Secondly, it seems that both the Jahn-Teller type and the SSH type electron-phonon interactions favor the CE-type antiferromagnetism. Although the similar observations have been also made by other authors, [22] in our opinion, this phenomenon has not been properly understood and deserves further consideration. We shall pursue this issue in our future investigation on the phase diagram of manganese by both the numerical and analytical means.
